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FREE PRODUCTS WITH AMALGAMATION OVER CENTRAL
C∗-SUBALGEBRAS
KRISTIN COURTNEY AND TATIANA SHULMAN
Abstract. Let A and B be C∗-algebras whose quotients are all RFD, and
let C be a central C∗-subalgebra in both A and B. We prove that the full
amalgamated free product A ∗C B is then RFD. This generalizes Korchagin’s
result that amalgamated free products of commutative C∗-algebras are RFD.
When applied to the case of trivial amalgam, our methods recover the result of
Exel and Loring for separable C∗-algebras. As corollaries to our theorem, we
give sufficient conditions for amalgamated free products of maximally almost
periodic (MAP) groups to have RFD C∗-algebras and hence to be MAP.
1. Introduction
We say a C∗-algebraA is residually finite dimensional (RFD) if it has a separating
family of finite dimensional representations. The direct sum of such a family yields
a faithful embedding into a direct product of matrix algebras
∏
i∈I Mki , and so
RFD C∗-algebras can be thought of as those which are “block diagonalizable”. In
addition to this, various other characterizations of the property have been obtained
over the years (notably [1], [14], [18], [10]), and numerous classes of C∗-algebras
have been shown to be RFD.
Residual finite dimensionality and its permanence properties can be found at the
heart of some of the most important questions in operator algebras. Perhaps most
famously, Kirchberg proved in [22] that Connes’ Embedding Problem ([9]) is equiv-
alent to the question of whether or not C∗(F2×F2) is RFD. Outside of F2×F2, new
examples of groups whose full group C∗-algebra is RFD have become particularly
welcome due to their relevance to problems of finding decidability algorithms for
groups (see [15]).
In the interest of finding more examples (and non-examples) of RFD C∗-algebras,
C∗-algebraists have explored various permanence properties of residual finite dimen-
sionality. In particular, when is it preserved under amalgamated free products?
Given two C∗-algebras A and B, each containing a copy of another C∗-algebra C,
their amalgamated free product A ∗C B is the unique C
∗-algebra such that there
exist maps ιA : A→ A ∗C B and ιB : B → A ∗C B whose images generate A ∗C B
and whose restrictions to C agree and such that A ∗C B is universal in this regard,
meaning any pair of maps ψA : A → D and ψB : B → D into another C
∗-algebra
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D that agree on C must factor through ιA and ιB respectively. We call C the
amalgam.
The question of when the amalgamated product of two RFD C∗-algebras is again
RFD is quite difficult in full generality. For instance, Connes’ Embedding Problem
can be reformulated as a question of whether a certain amalgamated free product of
full group C∗-algebras is RFD. Indeed, for any discrete groups Λ ≤ G1, G2, we have
that C∗(G1 ∗ΛG2) ≃ C
∗(G1) ∗C∗(Λ) C
∗(G2) (see [13, Lemma 3.1] for an argument).
So we can write
C∗(F2 × F2) ≃ C
∗(F2 × Z) ∗C∗(F2) C
∗(F2 × Z),
where it follows from [8] and the fact that residual finite dimensionality is preserved
by minimal tensor products that C∗(F2 × Z) ≃ C
∗(F2)⊗ C
∗(Z) is RFD.
In the case where the amalgam is trivial, i.e., when the amalgamated product
is the full free product A ∗B (or unital full free product A ∗C B), Exel and Loring
showed in [14] that the amalgamated product of RFD C∗-algebras is RFD. For
non-trivial amalgams, such a nice result is too much to ask. In fact this can fail
even in the case of amalgamated products of matrix algebras, as [7, Example 2.4]
shows. Nonetheless, necessary and sufficient conditions have been given for when
amalgamated products of two separable RFD C∗-algebras over finite dimensional
amalgams are RFD, first for matrix algebras by Brown and Dykema in [7], then
for finite dimensional C∗-algebras by Armstrong, Dykema, Exel, and Li in [2],
and finally for all separable RFD C∗-algebras by Li and Shen in [24]. Moving
beyond finite dimensional amalgams, group theoretic results and restictions, which
we outlilne below, indicate that the next natural class to study is amalgamated
products of RFD C∗-algebras over central amalgams. In [23], Korchagin proved
that any amalgamated product of two commutative C∗-algebras is RFD. This was
the first and, until now, the only positive result on amalgamated products of RFD
C∗-algebras over infinite dimensional C∗-algebras.
In this paper we substantially generalize Korchagin’s statement. Let us say that
a C∗-algebra is strongly RFD if all its quotients are RFD. Here we prove
Theorem. Let A and B be separable strongly RFD C∗-algebras and let C be a
central C∗-subalgebra in both A and B. Then the amalgamated free product A ∗C B
is RFD.
In particular, since all commutative C∗-algebras are clearly strongly RFD, this
gives the result of [23] with a different and shorter proof. Moreover, when applied
to the case of trivial amalgam, our methods recover the result of Exel-Loring for
separable C∗-algebras. In fact for a non-trivial C and strongly RFD A and B, or
a trivial C and RFD A and B, given an irreducible representation ρ of A ∗C B
and a sequence pn ↑ 1 of projections on a Hilbert space, we can construct finite
dimensional representations of A ∗C B living on subspaces of pnH and ∗-strongly
converging to ρ.
As corollaries to our main theorem, we give sufficient conditions for amalgamated
free products of discrete and locally compact groups to have RFD C∗-algebras.
Corollary. Let G1 and G2 be virtually abelian discrete groups and let Λ be a central
subgroup in both G1 and G2. Then the full group C
∗-algebra of the amalgamated
free product G1 ∗Λ G2 is RFD.
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Corollary. Let G1 and G2 be separable locally compact groups, and let Λ be an
open central subgroup in both. Assume moreover that G1 and G2 are Lie groups
each containing a closed subgroup of finite index that is compact modulo its center
or are projective limits of such Lie groups. Then the full group C∗-algebra of the
amalgamated free product G1 ∗Λ G2 is RFD.
To better understand why amalgamated products over central amalgams are par-
ticularly favorable candidates for RFD C∗-algebras, we should pay heed to related
results from group theory. The property of being RFD can be considered as a C∗-
analogue of maximal almost periodicity and residual finiteness for groups. We say a
discrete group is maximally almost periodic (MAP) if its finite dimensional unitary
representations separate its elements, and we say it is residually finite (RF) if the
same can be said for homomorphisms of the group into finite groups. Any discrete
RF group is MAP, and by Mal’cev’s theorem [26] the converse is true when the
group is finitely generated. If the full group C∗-algebra C∗(G) of a discrete group
G is RFD, then G is clearly MAP. (In fact, this also holds for locally compact
groups, as was shown by Spronk and Wood in [30]; here the definition of MAP is
only changed by the addition of the word “continuous”.) Though the converse does
not always hold (e.g. for SL3(Z) as shown in [4]), Bekka and Louvet show in [5]
that when G is amenable, C∗(G) is RFD exactly when G is MAP. In particular, this
means that a finitely generated amenable group is RF if and only if its full group
C∗-algebra is RFD. This gives us a wealth of examples of RFD C∗-algebras coming
from discrete groups. Beyond these, examples of groups with RFD C∗-algebras in-
clude full group C∗-algebras of nonabelian free groups [8], virtually abelian groups
[31], surface groups and fundamental groups of closed hyperbolic 3-manifolds that
fiber over the circle [25], and many 1-relator groups with non-trivial center [19].
Permanence (or lack thereof) of RF and MAP under amalgamation has been
well studied in group theory, and results and examples coming from this are valu-
able guides for the analogous study in C∗-algebras. For instance, in [20], Higman
constructed a pair of finitely generated metabelian groups G1 and G2 with com-
mon cyclic subgroup Λ such that G1 ∗Λ G2 is not RF, and Baumslag proved in
[3] that any two finitely generated, torsion free, nilpotent groups G1 and G2 that
are not abelian have some common subgroup Λ such that G1 ∗Λ G2 is not RF.
Since, in both cases, the amalgamated product is still a finitely generated group,
we conclude that C∗(G1 ∗Λ G2) ≃ C
∗(G1) ∗C∗(Λ) C
∗(G2) cannot be RFD. These
examples give an indication of how restrictive we must be in our choice of algebras
and amalgam in the C∗-setting. On the other hand, in [3], Baumslag proved that
the amalgamated product of polycyclic groups over a common central subgroup
must be RF, and in [21] Kahn and Morris proved that the amalgamated product of
two topological groups G1 and G2 over a common compact central subgroup Λ is
MAP if and only if both groups are MAP. These point to central amalgams as the
next promising frontier for amalgamated products of RFD C∗-algebras, now that
that finite dimensional amalgams are completely understood.
As informative as results for RF and MAP groups are for the study C∗-algebras,
it is nice when we can return the favor. For G1, G2, and Λ as in either of our
corollaries above, G1 ∗Λ G2 is MAP. To our knowledge, this fact is new in group
theory and gives new examples outside of the result of Kahn and Morris.
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2. Proofs
Definition 2.1. A C∗-algebra is called strongly RFD if all its quotients are RFD.
Here are two examples of classes of C∗-algebras that are strongly RFD:
Example 2.2 (FDI C∗-algebras). In [10], we call C∗-algebras whose irreducible
representations are all finite dimensional FDI.
Since irreducible representations separate the elements of a C∗-algebra, any FDI
C∗-algebra is RFD. Moreover any quotient of an FDI C∗-algebra is again FDI since
an irreducible representation of a quotient of a C∗-algebra gives rise to an irreducible
representation of the C∗-algebra.
Particular cases of FDI C∗-algebras are subhomogeneous C∗-algebras (i.e., those
whose irreducible representations are all of dimension no more than some fixed
n <∞) and continuous fields of finite dimensional C∗-algebras (as defined in [12]).
Example 2.3 (RFD just-infinite C∗-algebras). In [16], Grigorchuk, Musat, and
Rørdam defined a C∗-algebra to be just-infinite when it is infinite dimensional
and all of its proper quotients are finite dimensional. In the same paper, they
demonstrate the existence of just-infinite RFD C∗-algebras.
Moreover, they prove that there are examples of non-exact, just-infinite RFD
C∗-algebras, which means, in particular, that strongly RFD C∗-algebras need not
be nuclear.
It is worth noting that no C∗-algebra can be both FDI and just-infinite. Indeed,
by [16, Lemma 5.4], no RFD just-infinite C∗-algebra is of type I; while, on the other
hand, all FDI algebras are type I.
The following result of Hadwin will be crucial for the proof of the main theorem.
It is very close to Theorem 4.3 in [17]. The particular formulation below was given
in private communication, and so we include a brief proof here.
Lemma 2.4 (Hadwin [17]). Let {en} be an orthonormal basis in a separable Hilbert
space H, a, b, c, d ∈ B(H) and x =
(
a b
c d
)
. Then for any unitary wn : H →
H ⊕ H such that wnek = (ek, 0), 1 ≤ k ≤ n, w
∗
nxwn converge to a in the weak
operator topology.
Moreover we have convergence in the strong operator topology if and only if c = 0
and in the ∗-strong operator topology if and only if c = b = 0.
Proof. We will show here only the second claim, that w∗nxwn converges to a strongly
if and only if c = 0. The third claim, which is the only one we use in this paper,
follows directly from the second one. The first claim is proved similarly.
Let ǫ > 0 and ξ =
∑∞
j=1 ξjej ∈ H . Choose N > 0 so that ‖
∑
j>N ξjej‖ <
ǫ
8‖x‖ ,
and write ξ′ =
∑N
j=1 ξjej and ξ
′′ = ξ − ξ′. Then for each n ≥ N , we have
FREE PRODUCTS WITH AMALGAMATION OVER CENTRAL C∗-SUBALGEBRAS 5
‖w∗nxwnξ − aξ‖ = ‖w
∗
nx(ξ
′, 0)− aξ′ + (w∗nxwn − a)ξ
′′|(2.1)
= ‖w∗n(aξ
′, cξ′)− aξ′ + (w∗nxwn − a)ξ
′′‖
= ‖w∗n(0, cξ
′) + w∗n(aξ
′, 0)− aξ′ + (w∗nxwn − a)ξ
′′‖.
Choose M ≥ N so that ‖pMaξ
′ − aξ′‖ < ǫ/8 where pM is the projection onto
span{e1, ..., eM}. Then we have ‖w
∗
n(aξ
′, 0)− aξ′‖ < ǫ/4, ‖(w∗nxwn − a)ξ
′′‖ < ǫ/4,
and ‖w∗n(0, cξ
′)‖ = ‖cξ′‖ for all n ≥M . So (2.1) gives us
‖cξ′‖ − ǫ/2 < ‖w∗nxwnξ − aξ‖ < ‖cξ
′‖+ ǫ/2
for all n ≥ M . If c = 0, then we have ‖w∗nxwnξ − aξ‖ < ǫ. On the other hand, if
there exists an n > M such that ‖w∗nxwnξ − aξ‖ < ǫ/4, then
‖cξ‖ < ‖cξ′‖+
ǫ
4
< ‖w∗nxwnξ − aξ‖+
3ǫ
4
< ǫ.
Since ǫ and ξ were arbitrary, we conclude that w∗nxwn converges strongly to a
exactly when cξ = 0 for all ξ ∈ H . 
We will need one more lemma, which is essentially the statement 5 in [18, Lemma
1], where it is formulated in slightly different terms. For the reader’s convenience
we give a proof of it here.
Lemma 2.5 (Hadwin [18]). Let u ∈ B(H) be a unitary operator and let pn ∈ B(H),
n ∈ N, be a sequence of finite rank projections such that pn ↑ 1 in ∗-strong operator
topology. Then for each n ∈ N there is a unitary operator un ∈ B(pnH) such that
un → u in ∗-strong operator topology, where we view pnH as a subspace of H in
the obvious way.
Proof. Write u as u = e2πia, where −1 ≤ a ≤ 1, and let un = e
2πipnapn . Since
pnapn → a in the ∗-strong topology and since the functional calculus is continuous
with respect to the ∗-strong operator topology, one has un → u ∗-strongly. 
Our main theorem is for both unital and non-unital cases, meaning that C*-
algebras can be either unital or non-unital, and in the case both of them are unital,
the amalgamated free product can be either unital or non-unital.
Theorem 2.6. Let A and B be separable strongly RFD C∗-algebras and let C be a
central C∗-subalgebra in both A and B. Then the amalgamated free product A ∗C B
is RFD.
Proof. Let 0 6= x ∈ A ∗C B. We construct a finite dimensional representation σ of
A ∗C B such that σ(x) 6= 0. There exist an irreducible representation ρ of A ∗C B
on a separable Hilbert space H and a unit vector ξ ∈ H such that ‖ρ(x)ξ‖ ≥ ‖x‖2 .
Let iA and iB denote the standard embeddings of A and B into A ∗C B. Choose
K ∈ N, a
(k)
i ∈ A, b
(k)
i ∈ B, i = 1, . . . , N
(k), k = 1, . . . ,K such that for
(2.2) x˜ =
K∑
k=1
iA(a
(k)
1 )iB(b
(k)
1 ) . . . iA(a
(k)
N(k)
)iB(b
(k)
N(k)
),
we have
(2.3) ‖x− x˜‖ ≤
‖x‖
8
.
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(The sum in (2.2) might also contain monomials starting with an element from
iB(B) or ending with an element from iA(A), but we will assume that it does not.
This does not change anything in the proof and we do it just to avoid notational
nightmare.) Then
(2.4) ‖ρ (x˜) ξ‖ ≥
3‖x‖
8
.
We denote the representations ofA and B induced by ρ with ρA and ρB respectively,
i.e., ρA(a) = ρ(iA(a)), ρB(b) = ρ(iB(b)), for each a ∈ A, b ∈ B. Let
N = max
1≤k≤K
N (k),
E = {a
(k)
i | k = 1, . . . ,K, i = 1, . . . , N
(k)},
F = {b
(k)
i | k = 1, . . . ,K, i = 1, . . . , N
(k)},
and
G = {ξ}
⋃
{ρB(b
(k)
i )ρA(a
(k)
i+1)ρB(b
(k)
i+1) . . . ρA(a
(k)
N(k)
)ρB(b
(k)
N(k)
)ξ | i = 1, . . . , N (k),
k = 1, . . . ,K}⋃
{ρA(a
(k)
i )ρB(b
(k)
i )ρA(a
(k)
i+1) . . . ρA(a
(k)
N(k)
)ρB(b
(k)
N(k)
)ξ | i = 2, . . . , N (k),
k = 1, . . . ,K}.
Since ρ is irreducible and C is a central subalgebra in A ∗C B, for each c ∈ C there
is λ(c) ∈ C such that
ρ(c) = λ(c)1.
Since A and B are strongly RFD, ρA(A) and ρB(B) are RFD. Note that, unless
ρ(C) is zero, ρA(A) and ρB(B) are both unital, regardless of whether or not A ∗C
B is. In this case let π¯1, π¯2, . . . be a countable separating family of unital finite
dimensional representations of ρA(A) and let πi = π¯i ◦ ρA. Let π¯
′
1, π¯
′
2, . . . be a
countable separating family of unital finite dimensional representations of ρB(B)
and let π′i = π¯
′
i ◦ ρB.
In the case ρ(C) is zero, we replace unital representations by nondegenerate ones.
Let Ni = dimπi, N
′
i = dimπ
′
i. Let
π˜i = π
(N ′
i
)
i , π˜
′
i = π
′(Ni)
i .
Then dim π˜i = dim π˜
′
i. Notice that for each c ∈ C,
(2.5) π˜i(c) = λ(c)1 = π˜
′
i(c).
Let π be a direct sum of all π˜i’s where each one is repeated infinitely many times,
say
π = π˜1 ⊕ (π˜1 ⊕ π˜2)⊕ (π˜1 ⊕ π˜2 ⊕ π˜3)⊕ . . . .
We consider π as a representation of A on B(H) with respect to some decomposition
H = H1 ⊕H2 ⊕H3 ⊕ . . .
where H1 ∼= C
N1N
′
1 , H2 ∼= C
N1N
′
1+N2N
′
2 , . . .. Let π′ : B → B(H) be defined by
π′ = π˜′1 ⊕ (π˜
′
1 ⊕ π˜
′
2)⊕ (π˜
′
1 ⊕ π˜
′
2 ⊕ π˜
′
3)⊕ . . .
with respect to the same decomposition of H . Let pi ∈ B(H) be the orthogonal
projection ontoH1⊕. . .⊕Hi. It is easy to see that each piH is an invariant subspace
for π and π′.
FREE PRODUCTS WITH AMALGAMATION OVER CENTRAL C∗-SUBALGEBRAS 7
Now, for any a ∈ A, we have that π(a) = 0 iff ρA(a) = 0, and rank(π(a)) = ∞
when π(a) 6= 0. So by Voiculescu’s theorem, ρA ⊕ π is approximately unitarily
equivalent to π. Hence there exists a unitary u : H ⊕ H → H such that for all
d ∈ E we have ∥∥∥∥
(
ρA(d)
π(d)
)
− u∗π(d)u
∥∥∥∥ ≤ δ,
where
δ =
‖x‖
80 ·KN
.
By Lemma 2.4 there exist unitaries wm : H → H ⊕H such that for all a ∈ A,
w∗m
(
ρA(a)
π(a)
)
wm → ρA(a)
in the ∗-strong topology. In particular there exists a unitary w : H → H ⊕H such
that for all d ∈ E, η ∈ G∥∥∥∥ρA(d)η − w∗
(
ρA(d)
π(d)
)
wη
∥∥∥∥ < δ.
Hence for all d ∈ E, η ∈ G,
(2.6) ‖ρA(d)η − w
∗u∗π(d)uwη‖ ≤ 2δ.
Similarly we find unitaries u′, w′ such that
(2.7) ‖ρB(d)η − w
′∗u′∗π′(d)u′w′η‖ ≤ 2δ.
for all d ∈ F , η ∈ G. Applying Lemma 2.5 to uw and u′w′, we find M ∈ N and
unitaries v and v′ on pmH , which is identified with a subspace of H , such that
‖η − pmη‖ ≤ δ,
‖(uw − v)pmη‖ ≤ δ,
‖(u′w′ − v′)pmη‖ ≤ δ,
for all η ∈ G,
‖(w∗u∗ − v∗)π(d)uwpmη‖ ≤ δ,
for all d ∈ E, η ∈ G and
‖(w′∗u′∗ − v′∗)π′(d)u′w′pmη‖ ≤ δ,
for all d ∈ F , η ∈ G.
Now we define finite dimensional representations σA : A → pmB(H)pm and
σB : B → pmB(H)pm by
σA(a) = v
∗(pmπ(a)pm)v, σB(b) = v
′∗(pmπ
′(b)pm)v
′,
for any a ∈ A, b ∈ B. Then by (2.5)
σA(c) = λ(c)1pmH = σB(c),
for any c ∈ C. As σA and σB agree on C, we obtain a finite dimensional represen-
tation σ : A ∗C B → pmB(H)pm.
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Since pmH is invariant subspace for π, we have pmπ(a)pmv = π(a)v, for each
a ∈ A. Using this we obtain
‖w∗u∗π(d)uwη − σA(d)pmη‖ = ‖w
∗u∗π(d)uwη − v∗(pmπ(d)pm)vpmη‖
(2.8)
≤‖w∗u∗π(d)uw(η − pmη)‖ + ‖w
∗u∗π(d)uwpmη − v
∗π(d)vpmη‖
≤‖w∗u∗π(d)uw(η − pmη)‖ + ‖(w
∗u∗ − v∗)π(d)uwpmη‖+ ‖v
∗π(d)(uw − v)pmη‖
≤3δ,
for any d ∈ E, η ∈ G. By (2.6) and (2.8), we have
(2.9) ‖ρA(d)η − σA(d)pmη‖ ≤ 5δ,
for any d ∈ E, η ∈ G. Similarly we obtain
(2.10) ‖ρB(d)η − σB(d)pmη‖ ≤ 5δ,
for any d ∈ F , η ∈ G. By repeated uses of (2.9) and (2.10),
‖σA(a
(k)
1 )σB(b
(k)
1 ) . . . σA(a
(k)
N(k)
)σB(b
(k)
N(k)
)pmξ
− ρA(a
(k)
1 )ρB(b
(k)
1 ) . . . ρA(a
(k)
N(k)
)ρB(b
(k)
N(k)
)ξ‖
≤ ‖σA(a
(k)
1 )σB(b
(k)
1 ) . . . σA(a
(k)
N(k)
)pm
(
σB(b
(k)
N(k)
)pmξ − ρB(b
(k)
N(k)
)
)
ξ‖
+ ‖σA(a
(k)
1 )σB(b
(k)
1 ) . . . σA(a
(k)
N(k)
)pmρB(b
(k)
N(k)
)ξ
− ρA(a
(k)
1 )ρB(b
(k)
1 ) . . . ρA(a
(k)
N(k)
)ρB(b
(k)
N(k)
)ξ‖
≤ 5δ + ‖σA(a
(k)
1 )σB(b
(k)
1 ) . . . σA(a
(k)
N(k)
)pmρB(b
(k)
N(k)
)ξ
− ρA(a
(k)
1 )ρB(b
(k)
1 ) . . . ρA(a
(k)
N(k)
)ρB(b
(k)
N(k)
)ξ‖
≤ 5δ
+ ‖σA(a
(k)
1 )σB(b
(k)
1 ) . . . σB(b
(k)
N(k)−1
)pm
(
σA(a
(k)
N(k)
)− ρA(a
(k)
N(k)
)
)
(ρB(b
(k)
N(k)
)ξ))‖
+ ‖σA(a
(k)
1 )σB(b
(k)
1 ) . . . σB(b
(k)
N(k)−1
)pmρA(a
(k)
N(k)
)ρB(b
(k)
N(k)
)ξ
− ρA(a
(k)
1 )ρB(b
(k)
1 ) . . . ρA(a
(k)
N(k)
)ρB(b
(k)
N(k)
)ξ‖
≤ . . . ≤ 2N (k)5δ ≤ 10Nδ.
Hence
(2.11) ‖σ(x˜)pmξ − ρ(x˜)ξ‖ ≤ 10NKδ =
‖x‖
8
.
Combining (2.11), (2.4) and (2.3) we obtain
‖σ(x)pmξ‖ ≥ ‖σ (x˜) pmξ‖ − ‖σ (x− x˜) pmξ‖
≥ ‖ρ (x˜) ξ‖ − ‖σ(x˜)pmξ − ρ (x˜) ξ‖ − ‖σ (x− x˜) pmξ‖ ≥
‖x‖
8
.
Thus σ(x) 6= 0. 
Remark 2.7. When the amalgam C is trivial (that is C = C1 in the unital case and
C = 0 in the non-unital case), the assumption that the C∗-algebras are strongly
RFD can be omitted. One needs them only to be RFD because starting with
any pair of separating families of unital (or nondegenerate, in the non-unital case)
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representations of A and B would lead to representations coinciding on C. Thus
our proof recovers the Exel-Loring result that free products of separable RFD C*-
algebras are RFD.
Remark 2.8. It follows from the proof that given an irreducible representation ρ
of A ∗C B on a separable Hilbert space H and an arbitrary sequence pn ↑ 1 of
projections on H , we actually can construct finite dimensional representations of
A ∗C B living on subspaces of pnH and ∗-strongly converging to ρ.
Corollary 2.9. (Korchagin [23]) The amalgamated free product of commutative
C∗-algebras is RFD.
Corollary 2.10. Let G1 and G2 be virtually abelian discrete groups and let Λ be a
central subgroup in both G1 and G2. Then C
∗(G1 ∗Λ G2) ≃ C
∗(G1) ∗C∗(Λ) C
∗(G2)
is RFD.
Proof. It was proved in [31] that C∗-algebras of discrete virtually abelian groups
are subhomogeneous. Hence they are strongly RFD and Theorem 2.6 applies. The
isomorphism is well-known (see e.g. [13, Lemma 3.1]). 
We also have an application for amalgamated free products of locally compact
groups. However, to our knowledge, the isomorphism from Corollary 2.10 has not
been addressed in the case of locally compact groups. Thus, before we can proceed,
we must prove that this isomorphism holds, at least in the case where the common
subgroup is open and central. The following useful fact was communicated to us
by Ben Hayes.
Proposition 2.11. Suppose G is a locally compact Hausdorff group and Λ ≤ G
is an open subgroup. Then the restriction of any nondegenerate representation
π : L1(G)→ B(H) to the natural copy of L1(Λ) inside L1(G) is also nondegenerate.
Proof. Since Λ ⊆ G is open, we can naturally identify L1(Λ) as a subalgebra of
L1(G) by extending compactly supported functions on Λ to be zero off their sup-
ports on G. Moreover, there exists an approximate unit of L1(G) that is contained
in L1(Λ). Indeed, take a neighborhood basis of the unit of G consisting of open sets
in Λ with compact closure. Since Λ is open in G, this forms a neighborhood basis
of the unit in G, and the normalized characteristic functions on these sets give an
approximate unit. Now, under a nondegenerate representation π : L1(G)→ B(H),
any approximate unit of L1(G) will converge strongly to the identity. Since our
particular approximate unit was contained in L1(Λ), the same will hold when π is
restricted to L1(Λ). It follows that π|L1(Λ) is also nondegenerate. 
Proposition 2.12. Let G1 and G2 be locally compact Hausdorff groups and Λ ≤
G1, G2 an open central subgroup of both. Then Γ = G1 ∗Λ G2 is a locally compact
Hausdorff group and
C∗(Γ) ≃ C∗(G1) ∗C∗(Λ) C
∗(G2).
Proof. By [21, Theorem 5], since Λ is open and central, we know that Γ is locally
compact and Hausdorff. Moreover, by the remark following Corollary 3 in [21],
since Λ is open in G1 and G2, it follows that G1 and G2 are open in Γ. Choose
the Haar measures on G1 and G2, inherited from the embeddings ι˜i : Gi → Γ,
i = 1, 2. As in Proposition 2.11, we have natural embeddings L1(Λ) →֒ L1(Gi)
for i = 1, 2, and similarly, we can embed L1(G1), L
1(G2) →֒ L
1(Γ) so that the
10 KRISTIN COURTNEY AND TATIANA SHULMAN
embeddings agree on the respective copies of L1(Λ). The same arguments as in the
discrete setting show that these embeddings extend to the full group C∗-algebras,
and moreover, the induced embeddings ιi : C
∗(Gi) →֒ C
∗(Γ) agree on C∗(Λ) (see
e.g. [29, Proposition 8.8]).
To verify that C∗(Γ) ≃ C∗(G1) ∗C∗(Λ) C
∗(G2), it suffices to check that C
∗(Γ) =
C∗(ι1(C
∗(G1))∪ι2(C
∗(G2))) and that C
∗(Γ) satisfies the desired universal property.
Let B = C∗(ι1(C
∗(G1)) ∪ ι2(C
∗(G2))). To show B = C
∗(Γ), it suffices to show
that for every nondegenerate representation π : C∗(Γ) → B(H), W ∗(π(C∗(Γ))) =
W ∗(π(B)). To that end, let π : C∗(Γ)→ B(H) be a nondegenerate representation,
and let πi = π ◦ ιi : C
∗(Gi) → B(H), for i = 1, 2. Since ιi(Gi) are both open
in Γ, π1 and π2 are still nondegenerate by Proposition 2.11. Since there is a 1-1
correspondence between nondegenerate representations of a full group C∗-algebra
of a locally compact group and strongly continuous unitary representations of the
group (see e.g. [12, 13.3.5] or [11, p. 183-184]), π, πi, i = 1, 2, correspond to unique
strongly continuous unitary representations π˜ : Γ→ U(H) and π˜i : Gi → U(H), i =
1, 2. Moreover, W ∗(π(C∗(Γ))) = W ∗(π˜(Γ)) and W ∗(πi(C
∗(Gi))) = W
∗(π˜i(Gi)),
i = 1, 2 (see again [12, 13.3.5] or [11, p. 183-184]). Since ι˜1(G1) ∪ ι˜2(G2) generates
Γ, we compute
W ∗(π(B)) = W ∗ (π1(C
∗(G1)) ∪ π2(C
∗(Gi)))
= W ∗ (W ∗(π1(C
∗(G1))),W
∗(π2(C
∗(G2))))
= W ∗ (W ∗(π˜1(G1)),W
∗(π˜2(G2)))
= W ∗(π˜(Γ)) = W ∗(π(C∗(Γ))).
Now, suppose φi : C
∗(Gi) → B(H), i = 1, 2 are nondegenerate representations
that agree on C∗(Λ). Again, these correspond to unique strongly continuous unitary
representations φ˜i : Gi → U(H), i = 1, 2, which agree on Λ. The universal property
of Γ gives a unique strongly continuous unitary representation ψ˜ : Γ → U(H)
such that ψ˜ι˜i = φ˜i for i = 1, 2. This induces a nondegenerate representation
ψ : C∗(Γ)→ B(H). Moreover, for i = 1, 2 and f ∈ L1(Gi)
ψιi(f) =
∫
Γ
ιi(f)(t)ψ˜(t)dt =
∫
ιi(Gi)
ιi(f)(t)ψ˜(t)dt
=
∫
G1
ιi(f)(ιi(s))ψ˜(ι˜i(s))dιi(s)
=
∫
G1
f(s)φ˜i(s)ds = φi(f).
Thus C∗(Γ) has the universal property of C∗(G1) ∗C∗(Λ) C
∗(G2). 
Corollary 2.13. Let G1 and G2 be separable locally compact groups, and let Λ be
an open central subgroup in both. Assume moreover that G1 and G2 are Lie groups
each containing a closed subgroup of finite index that is compact modulo its center
or are projective limits of such Lie groups. Then the full group C∗-algebra of the
amalgamated free product G1 ∗Λ G2 is RFD.
Proof. From [21], we know G1 ∗Λ G2 exists and is a locally compact Hausdorff
topological group (actually even a Lie group). As was proved in [27], the groups
described are exactly the locally compact groups whose irreducible representations
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are all finite dimensional. Hence, their full group C∗-algebras are FDI and, by
assumption, separable. So, Theorem 2.6 again applies. 
Moreover, the amalgamated groups from each of these corollaries are MAP (using
results from [30] in the locally compact case).
But groups with FDI C∗-algebras are not the only ones covered by Theorem 2.6.
For example, in [6], the authors prove that there exist infinite discrete groups with
just-infinite RFD full group C∗-algebras. On the other hand, it follows from [31]
that a discrete group has FDI full group C∗-algebra if and only if it is virtually
abelian. Just as their C∗-algebras form disjoint classes, so must these groups.
This means, Corollaries 2.10 and 2.13 can be phrased in more generality, but the
generalized statements sound oblique without knowing which groups yield strongly
RFD C∗-algebras, which leads us to the following question(s).
Question 2.14. Is there a nice characterization of all (discrete) groups that have
strongly RFD C∗-algebras?
The questions are particularly curious because the class of all such groups does
not seem to fit neatly into any well-known classes of MAP or RF groups. Consider
the discrete case. Clearly every quotient of such a group is MAP. Moreover, it
follows from Rosenberg’s theorem that all discrete groups with strongly RFD full
group C∗-algebras must be amenable since their reduced group C∗-algebras must
be RFD and hence quasidiagonal. With Bekka and Louvet’s aforementioned result
from [5] in mind, one may make the naive guess that it is sufficient to be amenable
with all quotients MAP, but this is wrong. Every quotient of a finitely generated
nilpotent group is also finitely generated, and hence RF and amenable. However, if
the full group C∗-algebra of a finitely generated nilpotent group is strongly RFD,
then the group must be virtually abelian. This is because the C∗-algebra gener-
ated by any irreducible representation of a nilpotent group is simple ([28]) and, as
Thoma has shown ([31]), having only finite dimensional irreducible representations
is equivalent to being virtually abelian.
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